This paper addresses some mathematical problems arising from the infrared (IR) catastrophe in quantum field theory. IR catastrophe is formulated and studied in operator theory, characterized by the Carleman operator. Non-existence of ground state under IR catastrophe is also investigated with the help of the characterization. The theory presented in this paper is applied to the Hamiltonian of the model describing a non-relativistic electron coupled with a quantum field of phonons or polaritons in the light of mathematics as well as solid state physics.
Introduction
The infrared (IR) catastrophe comes up in a wide range of quantum field theory. Each sort of massless quanta makes a quantum field and has a possibility of its causing an individual IR divergence. In the concrete, the divergence of soft photons in quantum electrodynamics, the divergence of soft phonons in solid state physics, the divergence of soft gluons in quantum chromodynamics, etc. In this paper we formulate and handle IR catastrophe with a general framework of operator theory so that we can adapt our method to physical examples as much as possible. Another attempt from this point of view of general aspects was done in [6] . We consider Hamiltonians given by self-adjoint operators acting in a Hilbert space F. Each Hamiltonian HQFT represents the total energy of a physical system coupled with a quantum field. We suppose that HQFT has IR singularity condition [4, 5] . The order of the singularity depends on an individual model. So, some of models have IR catastrophe, some not. We express IR catastrophe by the divergence of the ground-state expectation (ΨQFT , N ΨQFT) F of the total number of bosons, where N is the boson number operator acting in F and ΨQFT a ground state of HQFT. The ground state ΨQFT is such an eigenvector of HQFT that its eigenvalue is the lowest spectrum of HQFT. The so-called pull-through formula [17, 36, 54] is very useful for analyzing IR problems as well as for studying other problems in quantum field theory (see the literatures in the references of [36] ). An idea to obtain the pull-through formula in operator theory was presented in [26] and it was completed in [27] . Hiroshima showed in [33, Theorem 2.9 ] that we can derive the Carleman operator [56] from the operator-theoretical pull-through formula, and then, he characterized a necessary and sufficient condition for the existence of ground state in the domain of N 1/2 by the Carleman operator in the case where IR catastrophe does not occur even if HQFT has IR singularity condition. Conversely, we investigate IR catastrophe with the maximal Carleman operator in this paper.
Let us summarize our path and results here. In Section 2, we prepare some mathematical tools from quantum filed theory and we press ahead with our method through IR problems adopting Dereziński-Gérard's idea [21] . Their idea is explained in Subsection 1.1 below. In Section 3, we restate Hiroshima's [33, Theorem 2.9] and give another proof (Theorem 3.6). We characterize IR catastrophe by simple properties of the domain of the maximal Carleman operator (Theorems 3.7, 3.9, and 3.10). In Section 4, we present a theorem on IR catastrophe (Theorem 4.5) and two theorems on absence of ground state (Theorems 4.2 and 4.7), using the simple domain properties and extending the notion of IR singularity condition (Definition 4.1). Then, we can obtain Dereziński-Gérard's [13, Lemma 2.6] and our [5, Theorem 3.4] as corollaries of one of the theorems (Corollaries 4.3 and 4.4). We also prove that IR singularity condition prohibits HQFT from making the mass gap. Namely, under IR singularity condition there is no spectral gap between the lowest spectrum (i.e., the ground state energy) and the infimum of the essential spectrum of HQFT (Theorem 4.6). Without giving a concrete form of HQFT, we assert all these results in a general framework so that our arguments are self-consistent in operator theory. The method presented in this paper enables us to analyze IR catastrophe by investigating the singularity of the maximal Carleman operator.
Let us briefly mention an application of our theory now. There have been many studies for the full model in the so-called non-relativistic quantum electrodynamics under IR singularity condition (see [7, 8, 9, 22, 31, 32, 41] and the literatures in their references). For this full model, there is no risk of its meeting IR catastrophe because it has local gauge invariance and thus it brings about the commutation relation, i[HQFT, x] = v, which cancels IR singularity, where x and v are the position and velocity of a non-relativistic electron respectively (see the explanation in [25, p.212 and p .213] about [9] and also Remark 4.1). Thus, Section 5 of this paper addresses IR catastrophe for the Hamiltonian of the models describing a non-relativistic electron coupled with several types of phonons [37] or polaritons [35] . This Hamiltonian is called the Pauli-Fierz (PF) Hamiltonian [46] by authors of [13, 19, 20] . They have made several pieces of painstaking research on its spectral theory, scattering theory, etc. Their PF Hamiltonian has the Fröhlich interaction [16] , so it describes, for example, a non-relativistic electron in a polar crystal [15, 38, 39] much better than the electron coupled with photons in quantum electrodynamics. From this point of view, existence of ground state and spec-tral properties of PF Hamiltonian was investigated in [43] . Because of this physical situation, we call their PF Hamiltonian the Lee-Low-Pines (LLP) Hamiltonian [39, Eq. (1)] in Section 5. We apply our results to LLP Hamiltonian and investigate IR catastrophe for it in the light of mathematics as well as solid state physics. We presented in [27] the possible physical mechanism for the situation that IR catastrophe occurs and then no ground state exists in F. Namely, the size of the quasi particle dressed in the cloud of bosons is swelling as (ΨQFT , N ΨQFT) F increases, and at last it becomes so large that we cannot observe the particle because the uncertainty of particle's position diverges in the ground state. That is when we lose any ground state in F.
In [27] we showed this picture for the so-called Nelson Hamiltonian [44] (i.e., the Gross Hamiltonian [23, 24] ), directly adopting the idea of the spatial localization of ground state with exponential decay [22] . Based on this picture, as an application of our theory, we give a criterion for IR catastrophe for LLP Hamiltonian (Remark 5.1 and Theorem 5.5). More precisely, let us set the dispersion relation ω(k) and the interaction function 1 <Λ (k)ρ(k) as ω(k) = |k| µ and ρ(k) = |k| −ν for µ ≥ 0 and ν ∈ R, respectively, where k ∈ R d is the momentum of bosons, Λ > 0 a ultraviolet cutoff, and 1 <Λ (k) denotes the characteristic function of |k| < Λ. Obeying Spohn's result [55] , if µ + ν < d/2, then LLP Hamiltonian has a ground state. On the other hand, IR catastrophe occurs for the (3-dimensional) Nelson Hamiltonian (i.e., d = 3, µ = 1, and ν = 1/2) and then it does not have any ground state [13, 27, 42, 45] . Naturally, this result can be extended to LLP Hamiltonian with the condition, max{(µ/2) + ν, µ + ν − 1} < d/2 < µ + ν (see Subsection 1.1 and Example 5.1). Thus, we investigate the non-existence of ground state when d, µ, ν are out of the regions. That is, we give a solution to the problem announced in [27, Remark 2] . Once we know that IR catastrophe occurs and thus there is no ground state in F, we have to use non-Fock representation, which has been studied by [2, 13, 17, 29, 45, 51 ].
From Two Dereziński-Gérard's Ideas
When we estimate the ground-state expectation (ΨQFT , N ΨQFT) F of the total number of bosons, it is convenient to use the pull-through formula in the equation:
where a(k) denotes the kernel of the so-called annihilation operator. The method to establish Eq.(1.1) in operator theory is well known (see, e.g., [27, 33] , and also Proposition 2.4). On the other hand, when the integrand a(k)ΨQFT 2 F in Eq.(1.1) has a singularity at k = 0, whether RHS of Eq.(1.1) converges is not certain. So, in such a case, we employ the following expression instead of Eq.(1.1):
for every ε > 0, where Nε is the number operator defined as the second quantization of 1 >ε , the constant function 1(k) = 1 cut off within the radius of ε from the origin. Thus, by taking ε → 0 in Eq.(1.2), we can investigate whether IR catastrophe occurs. This is the Dereziński-Gérard's idea [21] which we adopt in our method, though they did not clearly write it in [13] . We establish Eq.(1.2) in operator theory (Lemma 3.3).
We note another Dereziński-Gérard's idea in [13] concerned with the decomposition of the plane wave. The typical model which represents the case where IR catastrophe occurs under IR singularity condition is the Nelson model. For the Nelson model the pull-through formula has the expression of
where E0(HQFT) is the ground state energy of HQFT. We note that this formula should be mathematically established in a certain sense as in [6, 12, 20, 27] . Because the domain of a(k) is so narrow that a(k) is not closable (see e.g., [27, Remark1] ) when regarded as an operator, and moreover, a(k)ΨQFT may have the singularity at k = 0 now. Another Dereziński-Gérard's idea in [13, Lemma 2.2] is the simple decomposition e −ikx = 1 + (e −ikx − 1). Following their idea, a(k)ΨQFT can be decomposed into the dipole-approximated term J dip (k)ΨQFT and the error term
) for the Nelson model (d = 3, µ = 1, and ν = 1/2) by using |e −ikx − 1| ≤ |k||x|. Here, of course, showing this square integrability usually requires that ΨQFT ∈ D(|x|) whenever ΨQFT exists. Obeying this method, to show the error term Jerr(k)ΨQFT is IR-safe for LLP Hamiltonian, the dimension d is usually restricted from below as µ + ν − 1 < d/2. In general, it is difficult to show that Jerr(k)ΨQFT is IR-safe for LLP Hamiltonian without this restriction. Under the restriction, whether IR catastrophe occurs (i.e., whether RHS of Eq.(1.1) diverges) depends on whether the dipole-approximated term
Indeed the error term Jerr(k)ΨQFT becomes IR-safe under the restriction, but the following question arises. How can we prove IR catastrophe and non-existence of ground state when we do not know whether the error term Jerr(k)ΨQFT is IR-safe? Namely, how can we remove the restriction on d from below? This question was stated in [27, Remark 2] . This paper addresses this question.
Set-ups in Mathematics
In this section we prepare some tools from mathematics for quantum field theory and give our Hamiltonian HQFT. Once we obtain the maximal Carleman operator and its domain properties in Section 3, the almost only thing we do is to analyze the Carleman operator and its singularity.
Preliminaries
Let X = (X, A, µ) be a σ-finite measurable space. Let us denote by X n n-fold Cartesian product of X. The measure for X n is naturally given by
, we use the following notation:
We often abbreviate F b (L 2 (X)) to FX for simplicity in this paper, i.e.,
We employ the standard norm F X in FX . We denote by V the norm of a Hilbert space V, induced its inner product, throughout this paper.
For each n ∈ {0} ∪ N and every f ∈ L 2 (X), we define an operator
We can extend a X (f ) to a closed operator acting in FX as
We call a X (f ) the annihilation operator. Since we can regard it as an operatorvalued distribution, symbolically we often write it as
with a kernel a X (k) of the annihilation operator. We define the creation operator a †
Let T be every closable operator densely defined in L 2 (X). For n ∈ {0}∪N we set T (0) as T (0) := 0 and define
We denote by S the closure of a closable operator S. Then, we define an operator dΓX (T ) acting in FX by
We call dΓX (T ) second quantization of T . For the second quantization the following facts are well known:
(iii) Let T be non-negative, injective, and self-adjoint. Then, for every f ∈
Let 1 stand for the multiplication operator of the constant function 1(k) ≡ 1 of k ∈ X now. Then, we define an operator N X acting in F X by
Let X be able to be decomposed into the disjoint union of X1 and X2, i.e., X = X1 ∪ X2 and
The following proposition is known:
Let V be a separable Hilbert space. Then, for each n ∈ N we define the Hilbert space L 2 sym (X n ; V) of all square-integrable, V-valued, symmetric functions:
and
where Sn denotes the permutation group of all permutations of {1, · · · , n}, i.e., Sn ∋ σ is a bijective map from {1, · · · , n} to itself. We say f :
The following proposition is well known:
Through this unitary transformation UV , for every Ψ ∈ F we denote UV Ψ by Ψ V , i.e., Ψ V := UV Ψ. Moreover, Ψ V is often expressed as
Therefore, the norm Ψ F X has the following expression:
Here we give the generalization of [27, Corollary 5.1] together with its proof:
Then, by the definition of the annihilation operator and Proposition 2.3, for each M ∈ N we have
where
be an arbitrary complete orthonormal system of V. Then, we have
We note here that Ψ
Thus, we have
as M → ∞. Applying Lebesgue's monotone convergence theorem and Fubini's theorem to Eqs.(2.2) and (2.3), we reach the conclusion:
As a special case of Proposition 2.4, namely we only have to take the case where V = C, we have
The Total Hamiltonian H QFT
Let us give the state space of the physical system represented by a separable, complex Hilbert space H. Only when X = R d , we use the following abbreviation:
Corresponding to this abbreviation, we abbreviate a
, and dΓ b (h), respectively:
In particular we often use the notation N b for dΓ b (1), i.e.,
The total state space of the physical system coupled with the Bose field is given by the tensor product of the two Hilbert spaces:
Let A be a self-adjoint operator acting in H bounded from below. We suppose the following idealization for the dispersion relation ω(k) because we are interested in IR behavior around k = 0. Let ω :
and inf |k|>ε ω(k) > 0 for every ε > 0. The unperturbed Hamiltonian of our model is defined by
where I denotes identity operator and D(S) the domain of an operator S. The operator H0 is self-adjoint and bounded from below. We suppose that our total Hamiltonian has the form:
and we always assume HQFT to be a self-adjoint operator acting in F in this paper and we suppose it to describe our model of the physical system coupled with the quantum field. Here HI is the interaction Hamiltonian. Let ker(S) stand for the kernel of an operator S, i.e., ker(S) := {Ψ ∈ F | SΨ = 0} .
In addition, when S is closed, let us denote by σ(S) the spectrum of a closed operator S.
Definition 2.6
By ground state energy we mean inf σ(HQFT), the lowest spectrum of HQFT. We denote the ground state energy by E0(HQFT), i.e., E0(HQFT) := inf σ(HQFT). We say HQFT has a ground state ΨQFT if ker (HQFT− E0(HQFT)) is not empty and then 0 = ΨQFT ∈ ker (HQFT − E0(HQFT)). We say ΨQFT to be normalized if ΨQFT F = 1.
For simplicity, we set b HQFT as
We always suppose that ΨQFT has been normalized whenever it exists.
Domain Properties of the Carleman Operator for IR Catastrophe
When the operator-theoretical pull-through (OPPT) formula on ground states holds in the same way as in [27] , a(f )ΨQFT has the expression:
. This is the operator-theoretical version of the symbolical pull-through formula on ground states:
Then, we have an operator BPT(k) for every k ∈ R d \ {0} in the integrand of Eq.(3.1). We can show OPPT formula holds for several models in quantum field theory [6, 27, 33] .
In our argument, we assume the following conditions:
(Ass.1) Eq. (3.1) holds and then BPT(k) is determined for every k ∈ R d \{0} as an operator acting in F and then BPT(·)Ψ is measurable for every
where · B(F ) denotes the operator norm of B(F), the C * -algebra of bounded operators on F.
For every ε ≥ 0, we set R 
where 1 <ε and 1 >ε are characteristic functions defined by
Since we can regard f <ε and f >ε as functions in
Following this decomposition, we introduce some abbreviations:
where a ♯ X denotes aX or a † X . By Proposition 2.2, there exists a unitary operator Uε for every ε > 0 such that
Write UεΨ ∈ Fε as Ψε for every Ψ ∈ F, i.e., Ψε := UεΨ. Then, Proposition 2.2(ii) leads us to the relation:
for every real-valued function h : R d → R. We define the boson number operator N acting in F by
Symbolically we set the ground-state expectation S gs for an operator S acting in F by S gs := (ΨQFT , SΨQFT) F . Here we note ΨQFT is normalized, i.e., ΨQFT F = 1. Then, we can consider S gs to be finite if ΨQFT ∈ D(S), on the other hand, to be infinite if ΨQFT / ∈ D(S). We note we can write ΨQFT / ∈ D(S) when ΨQFT does not exist in F. That is,
Definition 3.1 We say the infrared (IR) catastrophe occurs if ΨQFT / ∈ D(N 1/2 ) including the case where ΨQFT does not exist in F, i.e., ΨQFT / ∈ F.
, the naive meaning of Definition 3.1 is symbolically:
For every ε > 0, we define N>ε acting in F by
Combining the fact that
>ε ) with the above leads us to our lemma.
To find a relation between N and N>ε, we introduce the following domain:
The following lemma is a mathematical establishment of Eq.(1.2).
The above equation, together with a(f
Fε , completes the proof of our lemma.
The following lemma gives a relation between N and N>ε. It tells us that for all vectors Ψ ∈ D(H0) we can check whether (Ψ , N Ψ)F converges by taking advantage of Lemma 3.2 and estimating sup ε>0 N 1/2 >ε Ψ 2 F . Thus, the following lemma plays an important role to prove Theorems 3.6 and 3.7 below.
F we carefully revise the method which we used in the proof of Proposition 2.4. For each M ∈ N we can derive
from the definition of the annihilation operator, where we used the representation (2.1) and
be an arbitrary complete orthonormal system of H. Then, we have
We note here that we can regard Ψ
Hence it follows from Bessel's inequality that
as M → ∞. Applying Lebesgue's monotone convergence theorem and Fubini's theorem to Eqs.(3.6) and (3.7), we reach the expression:
From this expression, we know that
F is increasing as ε → 0. So, applying Lebesgue's monotone convergence theorem to the above equation yields
By Lemma 3.3 and Eq. (3.8), we obtain that
which means Ψ ∈ DCNB.
Here let us set Aν(ε) as
Then, Lebesgue's monotone convergence theorem implies
as ε → 0. Since Θ(ε) is increasing as ε tends to 0, we have
Aν(ε) = Aν (3.11)
for each ν ∈ N. By Eqs.(3.10) and (3.11), {Aν} ν∈N is monotone increasing and bounded. Therefore, limν→∞ Aν exists and then we have
Hence it follows from this and Eq.(3.11) that
So, we reach the conclusion that Ψ ∈ D(N 1/2 ), and thus, Eq.(3.9) holds.
In [28] , the author tried to use Fatou's lemma to prove Eq.(3.12). But there was a mistake in his proof. In [11] , Bruneau completes the author's idea. Namely, we have
where pε is the orthogonal projection from
) and p ε := 1 − pε. So, applying Fatou's lemma, we have also Eq.(3.12).
Definition 3.5 When a ground state ΨQFT of HQFT exists, we can define an F-valued function KPT : 
for every k ∈ R d \ {0}. Then, we call KPT the inducing function of TPT. When KPT has a singularity at k = 0, we call it IR singularity of TPT.
We note that TPT is closed by [56, Theorem 6.13] .
The following theorem is stated in [33, Theorem 2.9] by Hiroshima. We now give it another proof by obeying the Dereziński-Gérard idea [21] and taking advantage of Lemma 3.4. 
Here, in the same way as for TPT, we define the maximal Carleman operator 
. Namely,
We start by showing the equivalence of (i) and (ii). It follows immediately from Lebesgue's monotone convergence theorem, Lemma 3.4, and Eq. (3.18) .
We proceed to the the equivalence of (ii) and (iii). It follows directly from [56, Theorem 6.12] that (iii) implies (ii). Thus, conversely, we assume 
Theorem 3.7 Suppose that D(HQFT) = D(H0). If a ground state ΨQFT of HQFT exists, then
Proof . Let Φ ∈ D(N 1/2 ). Then, Φ ∈ DCNB by Lemma 3.4. We define a functional FΦ :
>ε ) for every ε > 0 and ΨQFT is normalized, Proposition 2.1 leads us to the inequality:
to C as the extension of FΦ. We denote it by the same symbol, i.e., FΦ(f ) :
By this and the inequality (3.19), we have
since Φ ∈ DCNB. So, Lebesgue's monotone convergence theorem gives the following estimate: Z (1)- (3):
If there exists a ground state ΨQFT such that
Proof . Suppose there exists a ground state ΨQFT satisfying the condition (3.20) for a vector Φ ∈ D(TPT). Since Φ ∈ D(TPT), we have "
by the definition (3.14). So, we can define
where we used the condition (3.20) in the second term of RHS. Since ( b
So, Eq. (3.21) leads us to:
, taking ε → 0 and using Lebesgue's monotone convergence theorem, we have
by the assumption (3), for every ε > 0 there exists a positive number δΦ(ε) > 0 such that
for every k with |k| < δΦ(ε). Set ε0 ∧ δΦ(ε) as ε0 ∧ δΦ(ε) := min{ε0, δΦ(ε)}. Then, we have
by the condition (3.22) . So, by the assumption (2) we are bound to conclude that
We state a useful domain property which causes the absence of the mass gap. Let R( b HQFT) denote the range of b HQFT:
o .
Theorem 3.10 Assume there is a ground state of HQFT. If BPT(k) is a bounded operator on F for every
Proof . For every Φ ∈ R( b HQFT), there is a Ψ ∈ D( b HQFT) such that Φ = b HQFTΨ. Thus, for every ε > 0 we have the following estimate:
Therefore, taking ε → 0, together with Lebesgue's monotone convergence theorem, yields Φ ∈ D(TPT).
IR Catastrophe and Absence of Grand State
In the case where IR singularity of TPT is determined by the singularity of the function λ on R d as seen in Theorem 3.9, we introduce a notion for the order of IR singularity of the maximal Carleman operator TPT at k = 0. That is, in this section we assume that there is a measurable function λ on R d satisfying the condition (1) of Theorem 3.9 and an operator B0(k) acting in F for every k ∈ R d such that the following (S1) and (S2) are satisfied:
IR singularity condition [4, 5] is reinterpreted as λ/ω / ∈ L 2 (R d ) for the Carleman operator TPT. We extend the notion of IR singularity condition. Our new notion is: Definition 4.1 We say ω and λ satisfy IR singularity condition if there are constants
for every γ and ε with γ > γ 2 and ε 2 ≥ ε > 0. We say γ is in the IR-safe region (resp. the IR-divergent region) if γ < γ 1 (resp. γ > γ 2 ). In particular, we call γ c the order of IR singularity condition when
for every ε with ε 2 ≥ ε > 0. In this case, we also say γ = γ c is in the IR-divergent region. 
So, in this case, ω and λ satisfy IR singularity condition and 1/2 < γ c ≤ 1.
We say a symmetric operator S strongly commutes with HQFT if e itH QFT S ⊂ Se itH QFT for all t ∈ R. Then, we can derive the following theorem from Theorem 3.7. This is a generalization of Dereziński and Gérard's [ γ c less than or equal to 1 (i.e., γ c ≤ 1) .
Then, there is no ground state ΨQFT satisfying all of the following (i)-(iii):
(i) B0 (0) is symmetric and strongly commutes with HQFT.
(ii) B0(0)ΨQFT = 0.
Proof . We use the reduction of absurdity. So, we suppose that a ground state ΨQFT exists such that all of (i)-(iii) hold. For all Φ ∈ D(N 1/2 ) and
Here we note that the two integrals of RHS are finite by Theorem 3.7 and (iii), and they are independent of ε > 0. Taking ε → 0, Lebesgue's monotone convergence theorem tells us that (B0(0)ΨQFT , Φ) is bound to be 0 (i.e., (
is dense in F, we reach B0(0)ΨQFT = 0 finally, which contradicts (ii).
We can obtain Dereziński and Gérard's [13, Lemma 2.6] as a corollary of Theorem 4.2:
. Assume the following (1)- (3):
Then, there is no ground state ΨQFT satisfying
Proof . Set B0(0), λ(k), and B0(k) as B0(0) := I ⊗ I, λ(k) := g(k), and B0(k) := λ(k) −1 Jerr(k)+I ⊗I, respectively. Then, the assumption (3) implies (S1), (S2), and (i) and (ii) of Theorem 4.2. The assumptions (1) and (2) tell us that ω and λ satisfy IR singularity condition such that 1 is in the IRdivergent region and γ 0 in the IR-safe region. Thus, Theorem 4.2 concludes that there is no ground sate satisfying
As a corollary of Theorem 4.2 we also obtain [5, Theorem 3.4] of which statement can be applied to several models as well as in [5] : 
CPT is symmetric and strongly commutes with HQFT.
Then, there is no ground state ΨQFT satisfying CPTΨQFT = 0.
Proof . Set B0(k) as B0(k) := CPT for all k ∈ R d . Then, (S1), (S2), and (i) of Theorem 4.2 hold by the assumption (3). The assumption (1) implies γ c ≤ 1. Since B0(k)−B0(0) = 0 on D(H0) now, the condition (iii) in Theorem 4.2 always holds for γ 0 in the IR-safe region by the assumption (2). Thus, Theorem 4.2 leads us to the conclusion that there is no ground state ΨQFT satisfying CPTΨQFT = B0(0)ΨQFT = 0.
The following theorem follows from Theorem 3.9: Proof . Let us suppose there is a ground state ΨQFT in D(TPT) now. We easily have
Thus, it follows immediately from Theorem 3.9 that B0(0) gs = (ΨQFT , B0(0)ΨQFT ) F = 0, which means our theorem holds. [10, 27] and for the spin-boson Hamiltonian [5, 6, 30] .
Let us denote by σess(S) the essential spectrum of a self-adjoint operator S.
Combining Lemma 3.10 and Theorem 4.5 yields the following theorem, which states IR singularity condition prohibits HQFT from making the mass gap: HQFT. Therefore, we reach a contradiction.
As explained in Example 5.1 below, we need another statement to avoid the restriction coming from (ii) in Theorem 4.2. We take account of the order of IR singularity condition. Then, we obtain the following from Theorem 3.7: 
Proof. We use the reduction of absurdity. So, we suppose that there is such a ground state ΨQFT. Let us fix Φ ∈ D(N 1/2 ) arbitrarily and define a function
by Theorem 3.7 and Fγ ∈ L 2 (R d ) by our assumption. For every ε with ε < min{ε 0 , ε 2 } =: ε 0 ∧ ε 2 , where ε 2 is in Definition 4.1, we have Z
In the first term of RHS of the above, we used the assumption that B0(0) commutes with HQFT. We can estimate the last integrals as:
Combining Eq.(4.2) and the inequality (4.3) gives us the inequality:
Taking ε → 0, Lebesgue's monotone convergence theorem tells us that (B0(0)ΨQFT , Φ) F is bound to be 0 (i.e., (B0(0)ΨQFT , Φ)
is dense in F, we reach B0(0)ΨQFT = 0 finally. This is a contradiction.
An Application
In this section, we consider the model of a non-relativistic electron coupled with a Bose field made from several sorts of phonons [37, Chap.4] or polaritons [35, §11.4 ] in a material such as a crystal or a metal. Then, the order of IR singularity condition depends on the sorts of phonons or polaritons. Because each dispersion relation ω(k) is determined by an individual dispersion equation derived from the equation of motion of atoms in the material (see [35, 37] for theoretical understanding and [1, 18, 34, 50, 52, 57] for experimental understanding). In addition, of course, the interaction function ρ(k) depends on the property of the material. As in Eq.(5.1) of Example 5.1, we idealize ω(k) and ρ(k) in Theorem 5.5 mathematically to investigate the order of IR singularity.
We put the non-relativistic electron in the material. We suppose that the electron is negatively charged and thus is attracted by a plus-charged source which is caused by the positively charged ion cores caused by, for instance, the crystal lattice deformation [35, §10.3] (also called the crystal lattice distortion [14, 15] ). Thus, as the operator A in Eq.(2.4) we employ a Hamiltonian Hat given by the Schrödinger operator with a potential V :
, where p := −i∇x is the momentum of the electron. We use the natural units here.
As in [27] we consider potentials V in the class either (N1-1) or (N1-2) below. Here we say that V is in class (N1-1) (resp. (N1-2) ) if the following (N1-1-1) and (N1-1-2) (resp. (N1-2-1) and (N1-2-2)) hold. These conditions are set so that if V is in class (N1-1) or (N1-2), then Hat becomes a selfadjoint operator bounded from below with D(Hat) ⊂ D(p 2 ), and moreover, Hat has a ground state ψat. When we say that we assume (N1), we mean that either (N1-1) or (N1-2) is assumed.
and bounded from below, (N1-1-2) there exist positive constants c1 and c2 such that |x| 2 ≤ c1V (x) + c2 for almost every (a.e.) x ∈ R d , and (N1-2-2) Hat has a ground state ψat satisfying ψat(x) > 0 for a.e. x ∈ R d and Eat := inf σ(Hat) < 0.
In order to define the interaction Hamiltonian HI of the models, we use the fact that F is unitarily equivalent to the constant fiber direct integral
(see [49, 53] ). Throughout this section, we identify F to the constant fiber direct integral, i.e.,
, we give the interaction Hamiltonian HI by the so-called Fröhlich interaction [16] :
for every q ∈ R. Symbolically using the kernels of the annihilation and creation operators, the interaction Hamiltonian HI is often expressed as
We also assume the following:
The Hamiltonian HQFT of the models we consider in this section is given by The following OPPT formula can be proved in the same way as in [27, Proposition 3.1]:
Proposition 5.4 Assume (N1) and (N2). Then, for all
provided that ΨQFT ∈ D(x 2 ⊗ I). Therefore,
To consider the problem mentioned in Section 1 (i.e., the problem stated in [27, Remark 2]), we give an example of ω(k) and ρ(k) here: As in Example 5.1 the dimension d has haven a restriction from below if we use Corollary 4.3. However, since (µ/2) + ν < µ + ν − 1 iff µ > 2, there is a possibility that (µ/2) + ν < d/2 ≤ µ + ν − 1 when µ > 2. Thus, Corollary 4.3 does not work in this case. We try to remove this restriction in the case µ > 2 by using Theorem 4.7 from now on.
Let us take µ and γ with 2 < µ and 0 < γ < 1 − (2/µ) now. If ν satisfies 
